Bocop - A collection of examples by Bonnans, Frédéric, et al.
Bocop - A collection of examples
Fre´de´ric Bonnans, Pierre Martinon, Vincent Gre´lard
To cite this version:
Fre´de´ric Bonnans, Pierre Martinon, Vincent Gre´lard. Bocop - A collection of examples. [Re-
search Report] RR-8053, INRIA. 2012. <hal-00726992>
HAL Id: hal-00726992
https://hal.inria.fr/hal-00726992
Submitted on 31 Aug 2012
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de






































BOCOP - A collection of
examples





4 rue Jacques Monod
91893 Orsay Cedex
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s
❋ré❞ér✐❝ ❇♦♥♥❛♥s∗✱ P✐❡rr❡ ▼❛rt✐♥♦♥∗✱ ❱✐♥❝❡♥t ●ré❧❛r❞∗
Pr♦❥❡❝t✲❚❡❛♠s ❈♦♠♠❛♥❞s
❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✽✵✺✸ ✖ ❙❡♣t❡♠❜❡r ✷✵✶✷ ✖ ✷✶ ♣❛❣❡s
❆❜str❛❝t✿ ■♥ t❤✐s ❞♦❝✉♠❡♥t ✇❡ ♣r❡s❡♥t ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇❤✐❝❤
❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ s♦❧✈❡❞ ✇✐t❤ ❇♦❝♦♣✳ ❲❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣r♦❜❧❡♠s ❛♥❞
♦❢ t❤❡✐r s♦❧✉t✐♦♥s✱ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞✳
❑❡②✲✇♦r❞s✿ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ ❞✐r❡❝t ♠❡t❤♦❞✱ ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ❛✉t♦♠❛t✐❝ ❞✐✛❡r❡♥t✐❛t✐♦♥✱
s✐♥❣✉❧❛r ❛r❝✱ st❛t❡ ❝♦♥str❛✐♥t
∗ ■♥r✐❛ ❙❛❝❧❛② ❛♥❞ ❈♠❛♣ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡
❇❖❈❖P ✲ ❯♥ ❝❛t❛❧♦❣✉❡ ❞✬❡①❡♠♣❧❡s
❘és✉♠é ✿ ❈❡ ❞♦❝✉♠❡♥t ♣rés❡♥t❡ ✉♥ ❝❛t❛❧♦❣✉❡ ❞✬❡①❡♠♣❧❡s ❞❡ ♣r♦❜❧è♠❡s ❞❡ ❝♦♥trô❧❡ ♦♣t✐♠❛❧ ❡t
❧❡✉r rés♦❧✉t✐♦♥ ❛✈❡❝ ❇♦❝♦♣✳ ❖♥ r❛♣♣❡❧❧❡ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♣r♦❜❧è♠❡s ❛✈❡❝ ❧❡✉r
s♦❧✉t✐♦♥s✱ ❡t ♦♥ ❞é❝r✐t ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ♦❜t❡♥✉s✳
▼♦ts✲❝❧és ✿ ❝♦♥trô❧❡ ♦♣t✐♠❛❧✱ ♠ét❤♦❞❡ ❞✐r❡❝t❡✱ ♦♣t✐♠✐s❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡✱ ❞✐✛ér❡♥t✐❛t✐♦♥ ❛✉✲
t♦♠❛t✐q✉❡✱ ❛r❝ s✐♥❣✉❧✐❡r✱ ❝♦♥tr❛✐♥t❡ ❞✬ét❛t
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✸
❈♦♥t❡♥ts
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✹ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
✶ ❖✈❡r✈✐❡✇
❚❤❡ ❇♦❝♦♣ ♣r♦❥❡❝t ❛✐♠s t♦ ❞❡✈❡❧♦♣ ❛♥ ♦♣❡♥✲s♦✉r❝❡ t♦♦❧❜♦① ❢♦r s♦❧✈✐♥❣ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱
✇✐t❤ ❝♦❧❧❛❜♦r❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ✐♥❞✉str✐❛❧ ❛♥❞ ❛❝❛❞❡♠✐❝ ♣❛rt♥❡rs✳ ❖♣t✐♠❛❧ ❝♦♥tr♦❧ ✭♦♣t✐♠✐③❛t✐♦♥
♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❣♦✈❡r♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮ ❤❛s ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞s
♦❢ tr❛♥s♣♦rt❛t✐♦♥✱ ❡♥❡r❣②✱ ♣r♦❝❡ss ♦♣t✐♠✐③❛t✐♦♥✱ ❛♥❞ ❜✐♦❧♦❣②✳ ❇♦❝♦♣ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♦❢ t❤❡ ■♥r✐❛✲❙❛❝❧❛② ✐♥✐t✐❛t✐✈❡ ❢♦r ❛♥ ♦♣❡♥ s♦✉r❝❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ t♦♦❧❜♦① ✭✷✵✶✵✲✷✵✶✷✮✱ ❛♥❞
✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❈♦♠♠❛♥❞s t❡❛♠✳
P❧❡❛s❡ ✈✐s✐t t❤❡ ✇❡❜s✐t❡ ❢♦r t❤❡ ❧❛t❡st ♥❡✇s ❛♥❞ ✉♣❞❛t❡s✳ ❨♦✉ ❛r❡ ✇❡❧❝♦♠❡ t♦ s✉s❝r✐❜❡ t♦ t❤❡
tr✐♠❡str✐❛❧ ♥❡✇s❧❡tt❡r✱ ❛♥❞ ❥♦✐♥ t❤❡ ❢♦r✉♠ ❛s ✇❡❧❧✳
❚❤❡ ❇♦❝♦♣ t❡❛♠ ❤♦♣❡s ②♦✉ ❤❛✈❡ ❛ ♥✐❝❡ ❡①♣❡r✐❡♥❝❡ ✇✐t❤ t❤❡ s♦❢t✇❛r❡ ✦
❲❡❜s✐t❡✿ ✇✇✇✳❜♦❝♦♣✳♦r❣
❈♦♥t❛❝t✿ P✐❡rr❡ ▼❛rt✐♥♦♥ ✭♣✐❡rr❡✳♠❛rt✐♥♦♥❅✐♥r✐❛✳❢r✮✳
P❧❛t❢♦r♠
❚❤❡ ♥❛t✐✈❡ ♣❧❛t❢♦r♠ ❢♦r ❇♦❝♦♣ ✐s ▲✐♥✉①✱ ❜✉t ❇♦❝♦♣ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✐❧❡❞ ✉♥❞❡r ▼❛❝❖❙ ❳ ❛♥❞
❲✐♥❞♦✇s✳ ❲❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣r♦✈✐❞✐♥❣ ♣r❡❝♦♠♣✐❧❡❞ ❜✐♥❛r✐❡s ❢♦r t❤❡ t❤✐r❞♣❛rt②
s♦❢t✇❛r❡s✳
■♥t❡r❢❛❝❡
❚❤❡ ❝✉rr❡♥t ●❯■ ❢♦r ❇♦❝♦♣ ✐s ✇r✐tt❡♥ ✐♥ ❙❝✐❧❛❜✱ ❛♥❞ ❛ st❛♥❞❛❧♦♥❡ ●❯■ ✐s ♣❧❛♥♥❡❞ ❢♦r ❢✉t✉r❡
✈❡rs✐♦♥s✳ ❇♦❝♦♣ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❝♦♠♠❛♥❞ ❧✐♥❡ ♠♦❞❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❡①♣❡r✐❡♥❝❡❞ ✉s❡rs✳ ❍♦✇❡✈❡r✱
✇❡ r❡❝♦♠♠❡♥❞ ✉s✐♥❣ t❤❡ ●❯■✱ ❛t ❧❡❛st ❢♦r t❤❡ ✜rst st❡♣s✳ ❆❧s♦✱ s♦♠❡ ❣r❛♣❤✐❝❛❧ ❢❡❛t✉r❡s s✉❝❤ ❛s
✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ❛r❡ ♠✉❝❤ ❡❛s✐❡r t♦ ✉s❡ ✇✐t❤ t❤❡ ●❯■✳
❈♦r❡
❚❤❡ ❝♦r❡ ✜❧❡s ❢♦r ❇♦❝♦♣ ❛r❡ ✇r✐tt❡♥ ✐♥ ❈✰✰ ❛♥❞ r❡❧❡❛s❡❞ ✉♥❞❡r t❤❡ ❊❝❧✐♣s❡ P✉❜❧✐❝ ▲✐❝❡♥s❡✳
❯s❡r s✉♣♣❧✐❡❞ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ♣❧❛✐♥ ❈✱ ❛♥❞ ❞♦ ♥♦t r❡q✉✐r❡ ❛❞✈❛♥❝❡❞ ♣r♦❣r❛♠♠✐♥❣
s❦✐❧❧s✳ ❲❡ ♣❧❛♥ t♦ ♣r♦✈✐❞❡ ✐♠♣♦rt ❣✉✐❞❡❧✐♥❡s ❢♦r ♠♦❞❡❧s ❛❧r❡❛❞② ✇r✐tt❡♥ ✐♥ ❞✐✛❡r❡♥t ❧❛♥❣✉❛❣❡s✱
s✉❝❤ ❛s ❋♦rtr❛♥✳
❚❤✐r❞♣❛rt②
❇♦❝♦♣ ❝✉rr❡♥t❧② ✉s❡s ■♣♦♣t ✭✇✐t❤ ▼❯▼P❙ ❛s ❧✐♥❡❛r s♦❧✈❡r✮ ❢♦r s♦❧✈✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦✲
❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐r❡❝t tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❇♦❝♦♣
r❡❧✐❡s ♦♥ ❆❉❖▲✲❈ ✭✇✐t❤ ❈♦❧P❛❝❦ ❢♦r t❤❡ s♣❛rs✐t②✮ t♦ ❝♦♠♣✉t❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❛♥❞
❝♦♥str❛✐♥ts ❜② ❛✉t♦♠❛t✐❝ ❞✐✛❡r❡♥t❛t✐♦♥✳
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✺
■♥ t❤✐s ❞♦❝✉♠❡♥t ✇❡ ♣r❡s❡♥t ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥
✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ s♦❧✈❡❞ ✇✐t❤ ❇♦❝♦♣✳ ❲❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣r♦❜❧❡♠s ❛♥❞ ♦❢ t❤❡✐r
s♦❧✉t✐♦♥s✱ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞✳ ❖✉r ♥✉♠❡r✐❝❛❧ t❡sts ✉s❡ ❣❡♥❡r❛❧❧② ✶✵✵
t✐♠❡ st❡♣s ♦r s♦✱ ✇✐t❤ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ❛♥❞ st❛t❡ ✈❛r✐❛❜❧❡s ❜② ❛♣♣r♦♣r✐❛t❡ ❝♦♥st❛♥ts✳
❚❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ✐♥ ❛ ❢❡✇ s❡❝♦♥❞s✳
❯s❡rs ❛r❡ ❡♥❝♦✉r❛❣❡❞ t♦ ❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ ❞❛t❛ ✐♥ t❤❡s❡ ♣r♦❜❧❡♠s ✐♥ ♦r❞❡r t♦ ❣❡t ❛❝q✉❛✐♥t❡❞
✇✐t❤ t❤❡ ✉s❡ ♦❢ ❇♦❝♦♣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ ❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣❡s ✐♥
t❤❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ❛♥❞ st❛t❡✱ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s✱ ♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡✳
❆ ❢✉rt❤❡r st❡♣ ♠✐❣❤t ❜❡ t♦ ♠❛❦❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦r ❝♦st ❢✉♥❝t✐♦♥✳
❲❡ ❤♦♣❡ t❤❛t ♣r♦✈✐❞✐♥❣ t❤❡s❡ ❞♦❝✉♠❡♥t❡❞ ❡①❛♠♣❧❡s ✇✐❧❧ ❤❡❧♣ ✉s❡rs t♦ ✇r✐t❡ ❛♥❞ s♦❧✈❡ t❤❡✐r
♦✇♥ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❇♦❝♦♣✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❛r❡ s♦rt❡❞ ✐♥ ❢♦✉r ❣❡♥❡r❛❧ ❝❛t❡❣♦r✐❡s✿
✐♥t❡❣r❛t♦r s②st❡♠s✱ ♣r♦❝❡ss ❝♦♥tr♦❧✱ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ❛♥❞ ❛❡r♦s♣❛❝❡✱ ❛♥❞ P❉❊ ❝♦♥tr♦❧ ♦❢
♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳
❘❘ ♥➦ ✽✵✺✸
✻ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
✷ ■♥t❡❣r❛t♦r s②st❡♠s
✷✳✶ ●❡♥❡r✐❝ ❢♦r♠
❲❡ ❝♦♥s✐❞❡r ✐♥t❡❣r❛t♦r s②st❡♠s ♦❢ t❤❡ ❢♦r♠
x(k)(t) = u(t), t ∈ [0, T ], ✭✶✮
❢♦r k = 1 t♦ ✸✳ ❚❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡r❡❢♦r❡ y1 = x✱ ❛♥❞ ❢♦r k > 1✱ y2 = x˙✱✳ ✳ ✳ ✱yk = x
(k−1)✳
❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s
∫ T
0
ℓ(t, u(t), y(t))dt✱ ✇✐t❤
ℓ(t, u(t), y(t)) := αx(t) + β1x
2(t) + β2x˙
2(t) + γu(t) + δu2(t). ✭✷✮
❙❡tt✐♥❣ t❤❡ ❝♦♥st❛♥ts α, . . . , δ ❛❧❧♦✇s ❢♦r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❝♦st ❢✉♥❝t✐♦♥s ✭♥♦t❡ t❤❛t ♦❢ ❝♦✉rs❡
β2 = 0 ✇❤❡♥ k = 1✮✳ ❲❡ ❛❞❞ t❤❡ ❝♦♥tr♦❧ ❛♥❞ st❛t❡ ❝♦♥str❛✐♥ts ❢♦r ❛❧❧ t
u(t) ∈ [−1, 1]; y(t) ≥ a. ✭✸✮
✷✳✷ ❋✐rst✲♦r❞❡r s②st❡♠
❲❤✐❧❡ t❤❡s❡ ❡①❛♠♣❧❡s ❛r❡ ✈❡r② s✐♠♣❧❡✱ t❤❡② ♥❡✈❡rt❤❡❧❡ss s❤♦✇ s♦♠❡ t②♣✐❝❛❧ ❜❡❤❛✈✐♦r t❤❛t ✇✐❧❧ ❜❡





x2(t) + γu(t) + δu2(t) dt
x˙(t) = u(t), t ∈ [0, T ], x(0) = x0.
✭✹✮
■❢ (γ, δ) = (1, 0)✱ x(0) = 1✱ ❛♥❞ T > 1✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✐s u(t) = −1 ❢♦r t ∈ [0, 1]✱ ❛♥❞ u(t) = 0
❢♦r t > 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥tr♦❧ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❜✉t ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s✳ ■❢ ✇❡ ❝❤❛♥❣❡ δ t♦
❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡✱ s❛② ✵✳✶✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥tr♦❧ ✐s ❝♦♥t✐♥✉♦✉s✱ ❛❧t❤♦✉❣❤t ✐t ✈❛r✐❡s s❤❛r♣❧②
✇❤❡♥ t❤❡ t✐♠❡ ❝♦♠❡s ❝❧♦s❡ t♦ ✶✳
❚❤❡ ✉s❡r ♠❛② ❡①♣❡r✐♠❡♥t ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ st❛t❡ ❝♦♥str❛✐♥t t❤r❡s❤♦❧❞ a ✐s ♣♦s✐t✐✈❡✿
❛❣❛✐♥ t❤❡ ❝♦♥tr♦❧ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ✇❤❡♥ δ = 0✱ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✇❤❡♥ δ > 0✳
❲❡ ♥❡①t ❞✐s❝✉ss t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ t✇♦ s❡❝♦♥❞ ♦r❞❡r ✐♥t❡❣r❛t♦r s②st❡♠s✳
✷✳✸ ❋✉❧❧❡r ♣r♦❜❧❡♠




x2(t)dt; x¨(t) = u(t) ∈ [−1, 1]. ✭✺✮
❚❤❡ s♦❧✉t✐♦♥ ✐s✱ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ T ✱ ❜❛♥❣✲❜❛♥❣ ✭✐✳❡✳✱ ✇✐t❤ ✈❛❧✉❡s ❛❧t❡r♥❛t✐✈❡♠❡♥t ±1✮✱ t❤❡ s✇✐t❝❤✲
✐♥❣ t✐♠❡s ❣❡♦♠❡tr✐❝❛❧❧② ❝♦♥✈❡r❣✐♥❣ t♦ ❛ ✈❛❧✉❡ τ > 0✱ ❛♥❞ t❤❡♥ t❤❡ ✭tr✐✈✐❛❧✮ s✐♥❣✉❧❛r ❛r❝ x = 0
❛♥❞ u = 0✳ ❚❤❡s❡ s✇✐t❝❤❡s ❛r❡ ♥♦t ❡❛s② t♦ r❡♣r♦❞✉❝❡ ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ ❞✐s♣❧❛② ✐♥ ✜❣✉r❡ ✶ t❤❡
❝♦♥tr♦❧✱ ✇✐t❤ ❛ ③♦♦♠ ♦♥ t❤❡ ❡♥tr② ♣♦✐♥t ♦❢ t❤❡ s✐♥❣✉❧❛r ❛r❝✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ❢✉❧❧❡r
❉✐s❝r❡t✐③❛t✐♦♥✿ ●❛✉ss ■■ ✇✐t❤ ✶✵✵✵ st❡♣s✳
❲❡ t❛❦❡ ❤❡r❡ T = 3.5✱ x(0) = 0, x˙(0) = 1✱ x(T ) = x˙(T ) = 0 ❛♥❞ u(t) ∈ [−10−2, 10−2]✳
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✼
❋✐❣✉r❡ ✶✿ ❋✉❧❧❡r ♣r♦❜❧❡♠✿ ❝❤❛tt❡r✐♥❣ ❝♦♥tr♦❧ ✭✇✐t❤ ③♦♦♠✮❀ x ❛♥❞ v✳
✷✳✹ ❙❡❝♦♥❞ ♦r❞❡r s✐♥❣✉❧❛r r❡❣✉❧❛t♦r




x2(t) + x˙2(t) dt; x¨(t) = u(t) ∈ [−1, 1]. ✭✻✮
❚❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❋✉❧❧❡r✬s ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥❝❧✉❞❡s ❛ ♣❡♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡
✏s♣❡❡❞✑ x˙(t)✳ ❲❡ ♦❜s❡r✈❡ ✐♥ ✜❣✉r❡ ✷ t❤❡ ♦❝❝✉r❡♥❝❡ ♦❢ ❛ s✐♥❣✉❧❛r ❛r❝✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❜❡✐♥❣ ♦❢
t❤❡ ❢♦r♠ ❜❛♥❣ ✭✲✶✮ ✲ s✐♥❣✉❧❛r✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ r❡❣✉❧❛t♦r
❉✐s❝r❡t✐③❛t✐♦♥✿ ❘✉♥❣❡✲❑✉tt❛ ✹ ✇✐t❤ ✶✵✵✵ st❡♣s✳ ❲❡ t❛❦❡ ❤❡r❡ T = 5✱ x(0) = 0, x˙(0) = 1✳
✷✳✺ ❚❤✐r❞ ♦r❞❡r st❛t❡ ❝♦♥str❛✐♥ts









u(t)2 dt; y(3)(t) = u(t); y(t) ≥ 0.
■t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❜② ❘♦❜❜✐♥s ❬✶✹❪ t❤❛t✱ ❢♦r ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥
❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ✐s♦❧❛t❡❞ ❝♦♥t❛❝t ♣♦✐♥ts✱ s✉❝❤ t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ✉♥❝♦♥str❛✐♥❡❞ ❛r❝s ❞❡❝r❡❛s❡s
❣❡♦♠❡tr✐❝❛❧❧②✳ ❉❡t❛✐❧❡❞ ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✽❪✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐s♦❧❛t❡❞ ❝♦♥t❛❝t ♣♦✐♥ts
❤❛✈❡ ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t❀ t❤❡ ❧❛tt❡r ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡ tr✐✈✐❛❧ s✐♥❣✉❧❛r ❛r❝ u = 0✱ y = 0✳ ■t
✐s ♥♦t ❡❛s② t♦ r❡♣r♦❞✉❝❡ ♥✉♠❡r✐❝❛❧❧② t❤✐s ❜❡❤❛✈✐♦r✱ s✐♥❝❡ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❛r❝s r❛♣✐❞❧② ❜❡❝♦♠❡
❘❘ ♥➦ ✽✵✺✸
✽ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
❋✐❣✉r❡ ✷✿ r❡❣✉❧❛t♦r ♣r♦❜❧❡♠✿ ❝♦♥tr♦❧✳
t♦♦ s♠❛❧❧ t♦ ❜❡ ❝❛♣t✉r❡❞ ❜② ❛ ❣✐✈❡♥ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ ❞✐s♣❧❛② ✐♥ ❋✐❣✉r❡ ✸ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
✜rst st❛t❡ ❝♦♠♣♦♥❡♥t ❛♥❞ ♦❢ t❤❡ ❝♦♥tr♦❧✱ ❝♦♠♣✉t❡❞ ✇✐t❤ ❇♦❝♦♣✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ st❛t❡❴❝♦♥str❛✐♥t❴✸
❉✐s❝r❡t✐③❛t✐♦♥✿ ❘✉♥❣❡✲❑✉tt❛ ✹ ✇✐t❤ ✶✵✵ st❡♣s✳
❲❡ t❛❦❡ ❤❡r❡ α = 3✱ T = 10✱ y(0) = (1,−2, 0)✳
❋✐❣✉r❡ ✸✿ ❘♦❜❜✐♥s ❡①❛♠♣❧❡✿ ✜rst ♦r❞❡r st❛t❡ ❝♦♥str❛✐♥t ❛♥❞ ❝♦♥tr♦❧✳
■t s❡❡♠s t❤❛t ♥♦ ✏❣❡♥❡r✐❝✑ ✭st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❡rt✉r❜❛t✐♦♥✮ ❡①❛♠♣❧❡ ♦❢ ❛ t❤✐r❞ ♦r❞❡r
st❛t❡ ❝♦♥str❛✐♥t ✇✐t❤ ❛ r❡❣✉❧❛r ❡♥tr②✴❡①✐t ♣♦✐♥t ❢♦r ❛ s✐♥❣✉❧❛r ❛r❝ ✐s ❦♥♦✇♥✳ ■t ✐s ❝♦♥❥❡❝t✉r❡❞
t❤❛t ♥♦ s✉❝❤ ♣♦✐♥t ❡①✐sts✳






u(t)2 dt; y(3)(t) = u(t); y(t) ≤ ymax.
✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ ❜♦✉♥❞❛r② ❛r❝✱ ❛♥❞ ♦♥❡ ♦r t✇♦ t♦✉❝❤ ♣♦✐♥ts✳
❋♦✉rt❤ ♦r❞❡r st❛t❡ ❝♦♥str❛✐♥ts
◆♦ ❡①❛♠♣❧❡ ✇✐t❤ ❛ ♥♦♥tr✐✈✐❛❧ ❜♦✉♥❞❛r② ❛r❝ ✐s ❦♥♦✇♥✱ ❛♥❞ ✐t ✐s ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤✐s ❞♦❡s ♥♦t
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✾






u(t)2 dt; y(4)(t) = u(t); |y(t)| ≤ ymax.
❘❘ ♥➦ ✽✵✺✸
✶✵ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
✸ Pr♦❝❡ss ❝♦♥tr♦❧
✸✳✶ ❏❛❝❦s♦♥ ♣r♦❜❧❡♠
❈♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ✐♥ ❬✶✵❪✱ ❛❧s♦ ❞✐s❝✉ss❡❞ ✐♥ ❇✐❡❣❧❡r ❬✹❪✱ ♦❢ r❡❛❝t✐♦♥s A ⇔ B ⇒ C✳ ❍❡r❡ t❤❡
❝♦♥tr♦❧ u(t) ∈ [0, 1] ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝❛t❛❧②st✱ ❛♥❞ ✇❡ ✇❛♥t t♦ ♠❛①✐♠✐③❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ C✳
❚❤❡ ♣r♦❜❧❡♠ ✐s ✇r✐tt❡♥ ❛s
Max c(T )
a˙(t) = u(t) (k1a(t)− k2b(t))
b˙(t) = u(t) (k1a(t)− k2b(t))− (1− u(t))k3b(t)
c˙(t) = u(t)(1− u(t))k3b(t)
u(t) ∈ [0, 1]
✭✼✮
◆♦t❡ t❤❛t✱ a(t) + b(t) + c(t) ❜❡✐♥❣ ❛♥ ✐♥✈❛r✐❛♥t✱ ✇❡ ❝♦✉❧❞ ❡❧✐♠✐♥❛t❡ t❤❡ t❤✐r❞ st❛t❡ ✈❛r✐❛❜❧❡✳
❍♦✇❡✈❡r✱ ✇❡ ❞❡❝✐❞❡❞ t♦ ❦❡❡♣ ✐t ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ ❞✐s♣❧❛② ♦♥ ✜❣✉r❡ ✹ t❤❡ s❡❝♦♥❞ st❛t❡
✈❛r✐❛❜❧❡ ❛♥❞ ❝♦♥tr♦❧✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ ❝♦♥tr♦❧ ❤❛s ❛ s✐♥❣✉❧❛r ❛r❝✱ ✇✐t❤ ❛ ❜❛♥❣
✭✶✮ ✲ s✐♥❣✉❧❛r ✲ ❜❛♥❣✭✵✮ str✉❝t✉r❡✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ❥❛❝❦s♦♥
❉✐s❝r❡t✐③❛t✐♦♥✿ ●❛✉ss ■■ ✇✐t❤ ✸✵✵ st❡♣s✳
❲❡ t❛❦❡ ❤❡r❡ k1 = k3 = k4 = 1, k2 = 10✱ T = 4✱ a(0) = 1, b(0) = c(0) = 0✳
❋✐❣✉r❡ ✹✿ ❏❛❝❦s♦♥ ♣r♦❜❧❡♠✿ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✏B✑ ❛♥❞ ❝♦♥tr♦❧✳
✸✳✷ ▼❡t❤❛♥❡ ♣r♦❞✉❝t✐♦♥
❲❡ st✉❞② ❤❡r❡ ❛ ❜✐♦✲r❡❛❝t♦r ♣r♦❜❧❡♠ ✐♥✈♦❧✈✐♥❣ ♠❡t❤❛♥❡ ♣r♦❞✉❝t✐♦♥ ✇✐t❤ ♠✐❝r♦✲❛❧❣❛❡✳ ❚❤❡ ♦❜✲
❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ ♠❡t❤❛♥❡ ♣r♦❞✉❝t✐♦♥ ❜② t❤❡ ❜✐♦♠❛ss✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❜✐♦♠❛ss x✱





y˙(t) = µ(t)y1+y − ry − uy
s˙(t) = uβ(γy − s)− µ2(s)x
x˙(t) = (µ2(s)− uβ)x
u(t) ∈ [0, 1]
✭✽✮
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✶✶
❚❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❛❧❣❛❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛②✴♥✐❣❤t ❝②❝❧❡ ❛♥❞ ✐s ♦❢ t❤❡ ❢♦r♠
µ(t) =
{
µ¯ 0 ≤ t < T/2
0 T/2 ≤ t < T
✭✾✮







❲❡ ❤❛✈❡ ❛ ♣❡r✐♦❞✐❝✐t② ❝♦♥str❛✐♥t✱ ✇✐t❤ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ✐♥✐t✐❛❧✴✜♥❛❧ ❜❡✐♥❣ ❢r❡❡
y(T ) = y(0), s(T ) = s(0), x(T ) = x(0). ✭✶✶✮
❲❡ ❞✐s♣❧❛② t❤❡ st❛t❡s ❛♥❞ ❝♦♥tr♦❧ ❜❡❧♦✇✱ ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣❡r✐♦❞✐❝✐t② ❝♦♥str❛✐♥ts ❛r❡
s❛t✐s✜❡❞✳ ❚❤❡ ❝♦♥tr♦❧ s❡❡♠s t♦ ♣r❡s❡♥t ❛ ❜❛♥❣ ✭✵✮ ✲ s✐♥❣✉❧❛r ✲ ❜❛♥❣ ✭✵✮ str✉❝t✉r❡✳ ❚❤❡ s♣✐❦❡s ❛t
t❤❡ ❞❛②✴♥✐❣❤t s✇✐t❝❤ ♠❛② ❜❡ ♥✉♠❡r✐❝❛❧ ❛rt✐❢❛❝ts✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ♠❡t❤❛♥❡
❉✐s❝r❡t✐③❛t✐♦♥✿ ●❛✉ss ■■ ✇✐t❤ ✺✵✵ st❡♣s✳
❲❡ t❛❦❡ ❤❡r❡ µ¯ = 0.5, r = 0.005, T = 10, µm2 = 0.1,Ks = 5, β = 1, γ = 100✳
❲❡ ❛❧s♦ ❛❞❞ t❤❡ ❝♦♥str❛✐♥t x(·) ≥ 50✳
▼❡t❤❛♥❡ ♣r♦❜❧❡♠✿ st❛t❡s ②✱ s✱ ① ❛♥❞ ❝♦♥tr♦❧✳
❘❘ ♥➦ ✽✵✺✸
✶✷ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s
❲❡ s❡t ❤❡r❡ ❛ ✜♥❛❧ t✐♠❡ T = 50 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✜✈❡ ❞❛②✴♥✐❣❤t ❝②❝❧❡s✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t
✇❡ ♦❜t❛✐♥ ❛ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ♦❢ ♣❡r✐♦❞ ✶✵ ✭♦♥❡ ❝②❝❧❡✮ ✇❤✐❧❡ t❤❡ ❝♦♥str❛✐♥t ♦♥❧② ❛♣♣❡❛rs ❛t 0 ❛♥❞
T ✳ ▲❡t ✉s ❝♦♠♣❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s ❢♦r ✶✵✵ ❛♥❞ ✷✵✵ ❞✐s❝r❡t✐③❛t✐♦♥ st❡♣s✳
▼❡t❤❛♥❡ ♣r♦❜❧❡♠ ✭✷✵✵ st❡♣s✮✿ ❘❑✹✱ ●❛✉ss ■■✱ ❘❛❞❛✉ ■■ ❆✱ ▲♦❜❛tt♦ ■■■ ❈
❲❡ ♥♦t✐❝❡ ♦s❝✐❧❧❛t✐♦♥s ✐♥ s❡✈❡r❛❧ ♠❡t❤♦❞s✳ ❆ ✇❛② t♦ ✜① t❤✐s ❜❡❤❛✈✐♦✉r ✐s t♦ ❢♦r❝❡ ❛ ♣❛r❛♠❡tr✐③❡❞
❝♦♥tr♦❧✱ ❢♦r ✐♥st❛♥❝❡ ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r✳ ❲❡ s❡t ✶✵ ❝♦♥tr♦❧ ✐♥t❡r✈❛❧s ♣❡r ❝②❝❧❡ ✭✺✵ ✐♥ t♦✲
t❛❧✮✱ ❛♥❞ ❦❡❡♣ t❤❡ ✷✵✵ st❡♣s✳
❈♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❝♦♥tr♦❧✿ ❘❑✹✱ ●❛✉ss ■■✱ ❘❛❞❛✉ ■■ ❆✱ ▲♦❜❛tt♦ ■■■ ❈
◆♦✇ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r s♦❧✉t✐♦♥s r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♠❡t❤♦❞✳ ❲✐t❤ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ❡✈❡♥ ❧♦✇
♦r❞❡r ♠❡t❤♦❞s ✭❊✉❧❡r✱ ▼✐❞♣♦✐♥t✮ ❣✐✈❡ ❛ ❝❧♦s❡ s♦❧✉t✐♦♥✳
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✶✸
✹ ▼❡❝❤❛♥✐❝❛❧ s②st❡♠s✱ ❛❡r♦s♣❛❝❡
✹✳✶ ❈❧❛♠♣❡❞ ❜❡❛♠
❚❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ s❡❝♦♥❞✲♦r❞❡r st❛t❡ ❝♦♥str❛✐♥t ✐s t❤❡ ♦♥❡ ♦❢ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠✱





x¨(t) = u(t); x(t) ≤ a
x(0) = x(1) = 0; x˙(0) = −x˙(1) = 1.
❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ a✱ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✺✳









❋✐❣✉r❡ ✺✿ ❙❤❛♣❡ ♦❢ ❛ ❜❡❛♠✿ t❤❡ t❤r❡❡ ❝❛s❡s ❛♥❞ t❤❡ ❧♦❝✉s ♦❢ ❥✉♥❝t✐♦♥ ♣♦✐♥ts
❚❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ✐s ❛s ❢♦❧❧♦✇s✿
■❢ a ≥ 1/4✱ t❤❡ ❝♦♥str❛✐♥t ✐s ♥♦t ❛❝t✐✈❡ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✐s x(t) = t(1− t)✳
■❢ a ∈ [1/6, 1/4]✱ t❤❡r❡ ✐s ❛ t♦✉❝❤ ♣♦✐♥t ❛t t = 1/2✳
■❢ a < 1/6✱ t❤❡r❡ ✐s ❛ ❜♦✉♥❞❛r② ❛r❝ ✇✐t❤♦✉t str✐❝t ❝♦♠♣❧❡♠❡♥t❛r✐t②✿ t❤❡ ♠❡❛s✉r❡ ❤❛s ✐ts s✉♣♣♦rt
❛t ❡♥❞ ♣♦✐♥ts✳ ❚❤❡ ❧♦❝✉s ♦❢ s✇✐t❝❤✐♥❣ ♣♦✐♥ts ✐s ♣✐❡❝❡✇✐s❡ ❛✣♥❡✳
❖✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ t❤❡♦r②✿ ✇❡ ❞✐s♣❧❛② ✐♥ ✜❣✉r❡ ✻ t❤❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ✇❤❡♥ a = 0.1✱ ✐✳❡✳✱ ✇❤❡♥ ❛ ❜♦✉♥❞❛r② ❛r❝ ♦❝❝✉rs✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ❝❧❛♠♣❡❞❴❜❡❛♠
❉✐s❝r❡t✐③❛t✐♦♥✿ ●❛✉ss ■■ ✇✐t❤ ✶✵✵ st❡♣s✳
❘❘ ♥➦ ✽✵✺✸
✶✹ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
❋✐❣✉r❡ ✻✿ ❈❧❛♠♣❡❞ ❜❡❛♠✿ a = 0.1✳ ❇♦✉♥❞❛r② ❛r❝ ❛♥❞ ❝♦♥tr♦❧✳
✹✳✷ ▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s
❲❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ❜② t❤❡ ▲❛❣r❛♥❣❡ ❛♣♣r♦❛❝❤ ❬✶✷❪✳ ●✐✈❡♥
❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s q ∈ RN ✱ ✇❡ ♥♦t❡ E(q, q˙) ❛♥❞ U(q) t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❝✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧
❡♥❡r❣②✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ❛r❡




✇❤❡r❡ ❜② (q, q˙) ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ❛s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✱ ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s✳




















+ U ′(q). ✭✶✸✮
❍❡r❡ ❜② U ′(q) ✇❡ ❞❡♥♦t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✭♦♣♣♦s✐t❡ ♦❢ t❤❡ ❢♦r❝❡ ❞❡r✐✈✐♥❣













, i = 1, . . . , N. ✭✶✹✮
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✶✺





✇❤❡r❡ t❤❡ N ×N ♠❛ss ♠❛tr✐① M(q) ✐s s②♠♠❡tr✐❝✱ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳
❙✐♥❝❡ ∂E(q,q˙)
∂q˙i












, i = 1, . . . , N. ✭✶✻✮
❋♦r t❤❡ s✐♠♣❧❡st s♣r✐♥❣ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ E(q, q˙) = 12mq˙
2 ❛♥❞ U(q) = 12kq
2✱ ✇❤❡r❡ m ❛♥❞
k ❛r❡ t❤❡ ♠❛ss ❛♥❞ s♣r✐♥❣ st✐✛♥❡ss✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❡q✉❛t✐♦♥s r❡❞✉❝❡ t♦ mq¨(t) = −kq(t)✱ ❛s
❡①♣❡❝t❡❞✳
✹✳✸ ❍♦❧♦♥♦♠✐❝ ❝♦♥str❛✐♥ts
❆ ✭✈❡❝t♦r✮ ❤♦❧♦♥♦♠✐❝ ❝♦♥str❛✐♥t G(q) = 0✱ ✇✐t❤ G : RN → RM ✱ ❣❡♥❡r❛t❡s ✭❣❡♥❡r❛❧✐③❡❞✮ ❢♦r❝❡s
♦❢ t❤❡ t②♣❡ DG(q)⊤λ✱ ✐✳❡✳✱ ♦rt❤♦❣♦♥❛❧ t♦ KerDG(q)✳ ❚❤❡ s✐♠♣❧❡st ✇❛② t♦ ❡①♣r❡ss t❤❡ r❡s✉❧t✐♥❣
❡q✉❛t✐♦♥s ✐s t♦ ❛♣♣❧② t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥ t♦ t❤❡ ✏❛✉❣♠❡♥t❡❞✑ ▲❛❣r❛♥❣✐❛♥ L[λ](q, q˙) :=















, i = 1, . . . , N ✭✶✼✮
G(q) = 0. ✭✶✽✮
❚❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠✳ ❚❤❡ s✉❝❝❡ss✐✈❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡
❛❧❣❡❜r❛✐❝ ❝♦♥str❛✐♥t ❛r❡
G(1)(q) = DG(q)q˙; G(2)(q) = D2G(q)(q˙)(q˙) +DG(q)q¨ ✭✶✾✮
❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ q¨ ✐♥ ✭✶✼✮✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠
G(2)(q) = DG(q)M(q)−1D⊤G(q)λ+ F (q, q˙) = 0. ✭✷✵✮
■❢ DG(q) ✐s ♦♥t♦✱ ❛♥❞ M(q) ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡♥ DG(q)M(q)−1D⊤ ✐s ✐♥✈❡rt✐❜❧❡✱ ♠❡❛♥✐♥❣
t❤❛t ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❛❧❣❡❜r❛✐❝ ✈❛r✐❛❜❧❡ λ ❢r♦♠ t❤❡ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥ ✭✷✵✮✳ ❚❤✐s ✐s ❛ ❤✐❣❤❧②
❞❡s✐r❛❜❧❡ ♣r♦♣❡rt② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✱ ❛♥❞ ❤❡♥❝❡✱ t❤❡ r❡❛❞❡r ✐s ❛❞✈✐s❡❞ t♦ ✉s❡ t❤❡ s❡❝♦♥❞
❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❤♦❧♦♥♦♠✐❝ ❝♦♥str❛✐♥t ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t❡❞ ♣r♦❜❧❡♠✱ r❛t❤❡r t❤❛♥ t❤❡ ❤♦❧♦♥♦♠✐❝
❝♦♥str❛✐♥t ✐ts❡❧❢✳
❖❢ ❝♦✉rs❡ t❤❡ ✐♥t✐❛❧ ❝♦♥❞✐t✐♦♥ (q0, q˙0) s❤♦✉❧❞ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦♥♦♠✐❝ ❝♦♥str❛✐♥t✱
✐✳❡✳✱ ✐t s❤♦✉❧❞ s❛t✐s❢②
G(q0) = G(1)(q) = DG(q0)q˙0 = 0. ✭✷✶✮
❘❘ ♥➦ ✽✵✺✸
✶✻ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
✹✳✹ ■♥✈❡rt❡❞ ♣❡♥❞✉❧✉♠
❚❤❡ ✐♥✈❡rt❡❞ ♣❡♥❞✉❧✉♠ ❤❛s ▲❛❣r❛♥❣✐❛♥ L = 12mθ˙
2− g cos θ✱ ❛♥❞ ❡q✉❛t✐♦♥ mθ¨ = g sin θ ✇❤❡r❡
θ ✐s t❤❡ ❛♥❣❧❡ t♦ t❤❡ ✈❡rt✐❝❛❧✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❧❡t (x, y) ❜❡ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ♣❡♥❞✉❧✉♠✱ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t G(x, y) = 12 (x




(x˙2 + y˙2) +mgy +
1
2
λ(x2 + y2 − 1), ✭✷✷✮
❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡q✉❛t✐♦♥s ❛r❡
mx¨ = λx+ u, my¨ = λy −mg. ✭✷✸✮
✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❛♥ ❤♦r✐③♦♥t❛❧ ❢♦r❝❡ ❛s t❤❡ ❝♦♥tr♦❧ u✳




x2(t) + (y(t)− 1)2 + u2(t) dt
❋✐❣✉r❡ ✼ s❤♦✇s t❤❡ st❛t❡s x, y✱ t❤❡ ❝♦♥tr♦❧ u ❛♥❞ ♠✉❧t✐♣❧✐❡r λ✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ♣❡♥❞✉❧✉♠
❉✐s❝r❡t✐③❛t✐♦♥✿ ❘✉♥❣❡ ❑✉tt❛ ✹ ✇✐t❤ ✹✵✵ st❡♣s✳
❲❡ t❛❦❡ ❤❡r❡ T = 12✱ m = 1 ❛♥❞ g = 1✳
❚❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡
x(T ) = 0 , y(T ) = 1
x˙(T ) = 0 , y˙(T ) = 0
❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡
x(0) = −0.4794255 , y(0) = 0.8775826
x˙(0) = 1.0530991 , y˙(0) = 0.5753106
■♥r✐❛
❇❖❈❖P ✲ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡①❛♠♣❧❡s ✶✼
❋✐❣✉r❡ ✼✿ ■♥✈❡rt❡❞ ♣❡♥❞✉❧✉♠✿ st❛t❡s x, y✱ ❝♦♥tr♦❧ u ❛♥❞ ♠✉❧t✐♣❧✐❡r λ✳
✹✳✺ ●♦❞❞❛r❞ ♣r♦❜❧❡♠
❚❤✐s ✇❡❧❧✲❦♥♦✇♥ ♣r♦❜❧❡♠ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼✱ ✶✺❪✮ ♠♦❞❡❧s t❤❡ ❛s❝❡♥t ♦❢ ❛ r♦❝❦❡t t❤r♦✉❣❤ t❤❡
❛t♠♦s♣❤❡r❡✱ ❛♥❞ ✇❡ r❡str✐❝t ❤❡r❡ ♦✉rs❡❧✈❡s t♦ ✈❡rt✐❝❛❧ ✭♠♦♥♦❞✐♠❡♥s✐♦♥❛❧✮ tr❛❥❡❝t♦r✐❡s✳ ❚❤❡ st❛t❡
✈❛r✐❛❜❧❡s ❛r❡ t❤❡ ❛❧t✐t✉❞❡✱ s♣❡❡❞ ❛♥❞ ♠❛ss ♦❢ t❤❡ r♦❝❦❡t ❞✉r✐♥❣ t❤❡ ✢✐❣❤t✱ ❢♦r ❛ t♦t❛❧ ❞✐♠❡♥s✐♦♥
♦❢ ✸✳ ❚❤❡ r♦❝❦❡t ✐s s✉❜❥❡❝t t♦ ❣r❛✈✐t②✱ t❤r✉st ❛♥❞ ❞r❛❣ ❢♦r❝❡s✳ ❚❤❡ ✜♥❛❧ t✐♠❡ ✐s ❢r❡❡✱ ❛♥❞ t❤❡
♦❜❥❡❝t✐✈❡ ✐s t♦ r❡❛❝❤ ❛ ❝❡rt❛✐♥ ❛❧t✐t✉❞❡ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ ✐❡ ❛ ♠❛①✐♠❛❧ ✜♥❛❧ ♠❛ss✳
❘❘ ♥➦ ✽✵✺✸
✶✽ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞












u(·) ∈ [0, 1]
r(0) = 1, v(0) = 0,m(0) = 1,
r(T ) = 1.01
D(r(·), v(·)) ≤ C
T free
❚❤❡ ❞r❛❣ ✐s D(r, v) := Av2ρ(r)✱ ✇✐t❤ t❤❡ ✈♦❧✉♠✐❝ ♠❛ss ✐s ρ(r) := exp(−k ∗ (r − r0))✳
❲❡ ✉s❡ t❤❡ ♣❛r❛♠❡t❡rs b = 7✱ Tmax = 3.5✱ A = 310✱ k = 500 ❛♥❞ r0 = 1✳
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧✱ s♦ s✐♥❣✉❧❛r ❛r❝s ♠❛② ♦❝❝✉r✳ ❲❡ ❝♦♥s✐❞❡r
❤❡r❡ ❛ ♣❛t❤ ❝♦♥str❛✐♥t ❧✐♠✐t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞r❛❣ ❡✛❡❝t✿ D(r, v) ≤ C✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ C✱ t❤❡ ❝♦♥tr♦❧ str✉❝t✉r❡ ❝❤❛♥❣❡s✳ ■♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ t❤❡ ♦♣t✐♠❛❧
tr❛❥❡❝t♦r② ♣r❡s❡♥ts ❛ s✐♥❣✉❧❛r ❛r❝ ✇✐t❤ ❛ ♥♦♥✲♠❛①✐♠❛❧ t❤r✉st✳ ❲❤❡♥ C ✐s s❡t ✉♥❞❡r t❤❡ ♠❛①✐♠❛❧
✈❛❧✉❡ ❛tt❛✐♥❡❞ ❜② t❤❡ ❞r❛❣ ✐♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ❛ ❝♦♥str❛✐♥❡❞ ❛r❝ ❛♣♣❡❛rs✳ ■❢ C ✐s s♠❛❧❧
❡♥♦✉❣❤✱ t❤❡ s✐♥❣✉❧❛r ❛r❝ ✐s ❝♦♠♣❧❡t❡❧② r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥str❛✐♥❡❞ ❛r❝✳
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ❣♦❞❞❛r❞
❉✐s❝r❡t✐③❛t✐♦♥✿ ❍❡✉♥ ✇✐t❤ ✶✵✵ st❡♣s✳
❚r② t♦ ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ C ❛♥❞ ♦❜s❡r✈❡ t❤❡ r❡s✉❧t✐♥❣ ❝♦♥tr♦❧ str✉❝t✉r❡ ❛❢t❡r ♦♣t✐♠✐③❛t✐♦♥✳ ❨♦✉
❝❛♥ ❛❝❝❡ss t❤✐s ✈❛❧✉❡ ❛t ❉❡❢✐♥✐t✐♦♥ ❃ ❇♦✉♥❞s ❃ P❛t❤s ❈♦♥str❛✐♥ts
●♦❞❞❛r❞ ♣r♦❜❧❡♠✿ ❞r❛❣ ❝♦♥str❛✐♥t ❛♥❞ ❝♦♥tr♦❧ ✲ ✉♥❝♦♥str❛✐♥❡❞
●♦❞❞❛r❞ ♣r♦❜❧❡♠✿ ❞r❛❣ ❝♦♥str❛✐♥t ❛♥❞ ❝♦♥tr♦❧ ✲ C = 0.5, 0.6
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✺ P❉❊ ❝♦♥tr♦❧ ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s
❚❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❛❧❧♦✇s t♦ ♦❜t❛✐♥ ❧❛r❣❡ s❝❛❧❡✱ st✐✛ ❖❉❊ ♠♦❞❡❧s
❢♦r ✇❤✐❝❤ ❛♥ ✐♠♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡ ✐s ❝♦♥✈❡♥✐❡♥t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s✱ ♦♥❡ s❤♦✉❧❞
✐♠♣♦rt t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ✜♥✐t❡ ❡❧❡♠❡♥ts ❧✐❜r❛r✐❡s s✉❝❤ ❛s ❋r❡❡❋❡♠ ✭❛✈❛✐❧❛❜❧❡ ♦♥ ❋r❡❡❋❡♠✳♦r❣✮✳
❘❡❧❡✈❡♥t r❡❢❡r❡♥❝❡s ♦♥ t❤✐s s✉❜❥❡❝t ❛r❡ ❇❛r❜✉ ❬✸❪✱ ❍✐♥③❡ ❡t ❛❧✳ ❬✾❪✱ ❚rö❧t③s❝❤ ❬✶✻❪✱ ❛♥❞ ♦❢ ❝♦✉rs❡
t❤❡ ♣✐♦♥❡❡r✐♥❣ ❜♦♦❦ ❜② ❏✳▲✳ ▲✐♦♥s ❬✶✸❪✳
✺✳✶ ❈♦♥tr♦❧ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥
❲❡ ♥❡①t ❣✐✈❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❤❡❛t ❡q✉❛t✐♦♥✱ ♦✈❡r t❤❡ ❞♦♠❛✐♥ Ω = [0, 1]✳
❲❡ s❡t Q = Ω × [0, T ]✱ ✇❤❡r❡ t❤❡ ✜♥❛❧ t✐♠❡ ✐s ✜①❡❞✳ ❚❤❡ ❝♦♥tr♦❧ u(t) ✐s ❡✐t❤❡r ✭✐✮ ♦✈❡r ❛ ♣❛rt
♦❢ t❤❡ ❞♦♠❛✐♥✱ ✇✐t❤ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s✱ ♦r ✭✐✐✮ ❛t t❤❡ ❜♦✉♥❞❛r② ❜② t❤❡ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥✳ ❙♦
t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐s ✐♥ ❝❛s❡ ✭✐✮
d
dt
y(x, t)− c0 yxx(x, t) = χ[0,a]c1 u(t), (x, t) ∈ Q, ✭✷✹✮
y(·, 0) = y0(x); y(0, t) = y(1, t) = 0, t ∈ [0, T ], ✭✷✺✮
✇❤❡r❡ 0 < a ≤ 1✱ ❛♥❞ χ[0,a] ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ [0, a]✱ ❛♥❞ ✐♥ ❝❛s❡ ✭✐✐✮
d
dt
y(x, t)− c0 yxx(x, t) = 0, (x, t) ∈ Q, ✭✷✻✮
y(·, 0) = y0(x); yx(0, t) = −c1u(t); yx(1, t) = 0, t ∈ [0, T ]. ✭✷✼✮












❲❡ ❞✐s❝r❡t✐③❡ ✐♥ s♣❛❝❡ ❜② st❛♥❞❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳
❘❘ ♥➦ ✽✵✺✸
✷✵ ❇♦♥♥❛♥s ✫ ▼❛rt✐♥♦♥ ✫ ●ré❧❛r❞
❼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ♣r♦❜❧❡♠ ❤❡❛t
❆s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ t❛❦❡ ✺✵ s♣❛❝❡ ✈❛r✐❛❜❧❡s✱ ✇✐t❤ c0 = 0.02✱ c1 = 20✱ ❛♥❞ ❛ ✜♥❛❧ t✐♠❡ ❚❂✷✵✳ ❚❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ ✐s ✐♠♣❧✐❝✐t ❊✉❧❡r ✇✐t❤ ✷✵✵ st❡♣s✳
❲❡ s❡t ❤❡r❡ γ = δ = 0✱ ✇❤✐❝❤ ❣✐✈❡s ❛ s✐♥❣✉❧❛r ❛r❝ ❢♦r t❤❡ ❝♦♥tr♦❧✳
❲❡ ❞✐s♣❧❛② ♦♥ ❋✐❣✳✽ t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ (a = 0)✳ ❋✐❣✳✾
s❤♦✇s t❤❡ ◆❡✉♠❛♥♥ ❝❛s❡✱ t❤✐s t✐♠❡ ✇✐t❤ c0 = 0.2✳
❲❡ ❝❛♥ ❝❧❡❛r❧② s❡❡ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s y(1, t) = 0 ❛♥❞ yx(1, t) = 0✳
❋✐❣✉r❡ ✽✿ ❍❡❛t ❡q✉❛t✐♦♥✱ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥✱ u(t) ❛♥❞ y(·, t)✳
❋✐❣✉r❡ ✾✿ ❍❡❛t ❡q✉❛t✐♦♥✱ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥✱ u(t) ❛♥❞ y(·, t)✳
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